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A PRODUCT FORMULA FOR SPHERICAL REPRESENTATIONS
OF A GROUP OF AUTOMORPHISMS
OF A HOMOGENEOUS TREE, II

DONALD I. CARTWRIGHT AND GABRIELLA KUHN

ABSTRACT. Let G = Aut(T) be the group of automorphisms of a homogeneous
tree T and let m be the tensor product of two spherical irreducible unitary
representations of G. We complete the explicit decomposition of ©# commenced
in part I of this paper, by describing the discrete series representations of G
which appear as subrepresentations of 7.

1. INTRODUCTION AND NOTATION

Let G be the group of automorphisms of a homogeneous tree T'. We fix a vertex o
of T, and let K = {g € G : go = 0o}. We consider the tensor product 7 of two
spherical irreducible unitary representations of G = Aut(7). As with any contin-
uous unitary representation of a type I group, @ can be written in an essentially
unique way as a direct integral [ ¢ 0 dm(o). The representation space Hy of m can
be decomposed as an orthogonal direct sum

(1.1) H, = H, + Hy,

of m-invariant subspaces H1 and Ho, where H; is the closed linear span in H,; of the
set of vectors m(g)§, where g € G and where ¢ is K-invariant. The H; component
m of m was completely described in [1]. The Hs component w3 of 7 must be a
direct sum

(12) Wgzzmkdk,
k

over the distinct discrete series representations oy of G, where my € {0,1,... ,00}
for each k. In the present paper we describe o explicitly.

The discrete series representations of G were first described by Ol’shanskii [4].
The book [2] provides a clear exposition and re-working of [4]. Let us give a quick
summary here.

A finite subtree ¢ of T is called complete if, for each vertex x of ¢, either all ¢+ 1
neighbors of x in T lie in ¢ or exactly one neighbor of z in T lies in . According
to these two possibilities, we say that x is an interior point or boundary point
of r, and write € Int(r) and & € O, respectively. Given such a subtree g, let
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Ki)={geG:gr=aforallz €} and K(x) = {g € G: gr =1}. If 7is an
irreducible unitary representation of G on a Hilbert space H, let

Hy ={{ € H:m(g)§ =& forall g € K(x)},

and let
1

P = W/K(F)W(Q) dg,

the orthogonal projection of H onto H,. Here m and dg refer to the left (and
right) Haar measure on G, normalized by requiring that m(K) = 1. It turns out
that Py # 0 for some r, and if we choose ¢ so that the number |g| of vertices of ¢
is minimal, then p is called a minimal subtree for w. Note that if g € G, then
K(gr) = gK(x)g~! and Py = w(g)P,m(g1). If ¢ is a minimal subtree for 7, then
the other minimal subtrees ¢’ for 7 are precisely the subtrees gr, i.e., the subtrees
in the G-orbit [z] = {gr: g € G} of ¢ [2| Cor. II1.3.4].

When 7 has a minimal subtree consisting of only one vertex, it is spherical. In
the next smallest case, ¢ consists of two neighboring vertices (and the edge joining
them). Up to equivalence, there are precisely two irreducible unitary representa-
tions of G with such a minimal subtree; they are called the special representations
of G (see [2 §III.2]). All irreducible unitary representations of G with minimal
subtree ¢ satisfying |r| > 2 are equivalent to certain induced representations; one
starts with an irreducible representation o of the finite group Aut(zr) on a (fi-
nite dimensional) Hilbert space H,, such that, for each complete subtree y g I,
oo(g)¢ = &£ for all g € K () = {g € Aut(z) : gy = y for all y € y} holds for no
nonzero £ € ‘H,,. Let o be the representation of K (r) obtained as the composition
of the natural surjection K (r) — Aut(x) (the kernel of which is K (x)) and oo. The
set of all equivalence classes of representations o of K (r) obtained in this way is
denoted by (K (x))). One then forms the induced representation Ind(o) of G. It
is shown in [2] Theorem II1.3.14] that Ind(o) is irreducible, and that o — Ind(o)
induces a bijection from (K (r))} to the set of equivalence classes of irreducible
unitary representations of G with minimal subtree .

The principal result of this paper is the following:

Theorem. Let 7 be the tensor product of two spherical irreducible unitary repre-
sentations of G. Then the irreducible unitary representations of G appearing in the
direct sum (L2) occur with multiplicity 1, and have minimal trees of one of the
types in Figure 1. Moreover,

(a) both special representations occur;
(b) exactly two representations occur with the minimal subtree of Figure 1(b),
unless ¢ = 2, when there is only one;
(c) for each r > 1, exactly two representations occur with the minimal subtree of
Figure 1(c;.).
In (b) and (c), the specific representations occurring are described in Sections [3

and [7)] below.

Notice that the decomposition (I2)) does not depend on the particular parame-
ters s1, s2, which may correspond to either the principal or complementary series.
Our theorem should be compared with the the corresponding result for SL(2,R).
While here a rather thin part of the discrete series occurs in ([Z2)), in the SL(2,R)
case half of the discrete series occurs in the corresponding decomposition (see [5]).
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FIGURE 1.

In order to cover both the principal and complementary series simultaneously, let
us introduce some more notation. Recall that (assuming s? # ¢,1/q), Js : K(Q) —
K(€) is a linear bijection and that Jyom*(g) = 7°  (g)oJs for all g € G. For z € T,
& € K(Q) was defined before Lemma 5.3 in [1]. We shall again here need the fact
that

(1'3) Jsf:c = ]n(s)fzc ifn = d(O, l‘),

where jo(s) = 1 and jn(s) = s2 D (gs® —1)/(q—s?) for s > 1. If s? € (1/¢,q), the
inner product (-,-)s on K(£2) is defined by (f1, f2)s = (f1, Js(f2)), where (f1, f2) =
Jo J1f2 dvo. Let I denote the identity operator on K(£2), and set

7 Js lf 82 € (1/(]7Q)a
ST if s =1

Let (-,-)s = (-,-) if [s| = 1. Then (f1, fo)s = (f1,Jsfo) for all fi, fo € K(Q) if
s is a parameter corresponding to either the principal or complementary series.
Moreover, Jsom®(g) = m°(g)oJs for all g € G, where

- {51 if s2 € (1/q,q),

S =
s if |s| = 1.

If s1, s2 are parameters corresponding to either the principal or complementary
series, let

Ja 0 = Js @ Js, : K(Q x Q) — K(2 x Q).
Then
jshszo’/TSlysz (g) = 71_51,52 (g)°js1,szv

where 7°1%2(g) = 7°1(g) ® 72 (g). Also, w°1:°2(g) preserves the inner product

<F1a F2>S1,S2 = <F17 ']31732 (F2)>/a

where (Fy, F2)' = [, o F1F2 d(ve X 1,). We shall also simply write 7(g) in place
of m°1%2(g), when s1,s2 are understood. The representation space Hr = Hs, s,
of 7 is the completion of K(Q x Q) with respect to the inner product (-, -)s, s,-

The first author would like to thank Arun Ram for useful conversations concern-
ing representations of the symmetric group.
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2. THE POSSIBLE MINIMAL SUBTREES

We start by describing, for each finite complete subtree ¢ of T,
7‘(; ={eHs s (1) RE=E, and (2) Py =0 for all y g t},
where the y’s here are complete subtrees of T. Note that if g € G, then H’

9x) —
7(g) (H;)7 and so we may assume that o € r. If |g| > 2, then ¢ has interior points,

and in this case we may suppose that o is one of them.

Proposition 2.1. Suppose that [t| > 2 and that o € Int(x). Then H; is a finite
dimensional subspace of K(€2 x Q). Assuming that Hy # {0}, then either
(i) © is as in Figure 1(b); in this case H, consists of the functions

q

(21) Z Ci,jf(li 0 E(lj’
4,j=0
i
where the coefficients c; ; satisfy
q q
(2.2) Zcm- =0 for eachi, and Zcm- =0 for each j,
Jj=0 =0
j#i 1#]
or

(ii) replacing ¢ by gr for some g € G, if necessary, ¢ is as in Figure 1(c,); in this
case H; consists of the functions

q

q
(2.3) Y il @&, + Y dijéy, @&,

ij=1 ij=1
where the coefficients c; ; and d; ; satisfy
q q q q
(2.4) Z cij =0= de for each i, and Zcm =0= Z di; for each j.
j=1 j=1 i=1 i=1
Proof. For each v € 0y and n > |v| (where |v| = d(o,v)), let
(2.5) Dy = {(w1,w2) € Qp(v) X Qp(v) : w1 # wy and d(o,w; Aws) =n};
we also let
Ay = {(w1,w2) € Qp(v) X Qo(v) 1 w1 = wa}
for each v € Jr. Then
Ox Q=AU [ DunU |J Qov) x Qo(w),

vEODT vEODT v,wEr
n>|v| vFEW

a disjoint union. Let F' € K(Q x Q) satisty P,F' = F. As o € ¢, this simply means
that F (g~ w1, g7 'wa) = F(w1,ws) for all g € K(r) and all wy,ws € Q. Tt follows
that F' is constant on each of the above sets A,, D, , and Q,(v) x Q,(w). Hence
we can write

(26) F= Z a'u]-Av + Z b'u,n]-Dv,n + Z Cv,leo(U)xQO(w)'

vEODT vEODT v,wEr
n>v| vFEW
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Moreover, the fact that F' € (2 x Q) implies that for each v € 9 there is an n,
such that b, , = a, for all n > n,. Conversely, any function F' of the form ()
which satisfies this last condition is in (2 x Q) and satisfies P.F' = F. Thus each
F e K(©2 x Q) satistying P.F = F can be written in the form

M
(27) F= Z{ Z bv,nlem, + av]-D;yM}"‘ Z Cv,wlﬂo(v)xﬂo(w)

vEIr n=|v| v,u;eé);
vF#EwW

for some integer M > max{|v| : v € Or}. Here
(2.8)
Dy, yr = {(w1,w2) € Qo(v) X Qo(v) : w1 = w2, or wi # wp and d(o,w; Awa) > M}.
Suppose £ € Hs, s, and P& = & Let us write write down a sequence (Fy)

in £(2x Q) such that P, Fiy = Fy for each N and such that, for each f € (2 x ),
(FNy f)si,e = (& f)s1,0 a8 N — 00, If € € Hy, 5., and if F € K(Q x Q), it is
convenient to use the notation
(2.9) (€ F) = (6T 0 s
For v, w € O, n > |v] and N > max{|v| : v € Or}, let

bon = (€, 1p,..) [ (Vo X Vo) (Dy,n),

Co,w = (€, 1Qo(v)xﬂo(w)>//(’/o X 5)((v) X Qo(w)), and

51},N = <£a 1DL1N>//(VO X VO)( ;,N)

Form
N
(210)  Fnv = Z{ > bualp,, + 5v,N1D4,,N} + ) cowla,xa,w)-
vEIr n=|v| U,w;éeax

Then it is routine to check that if F' is as in (2.7), then
(Fn,F) = (¢, F) once N > M.
It follows that (Fn, f)s;.so — (& f)s1.s0 a8 N — oo if f € K(Q x Q) satisfies

P.f = f. To see that this holds for arbitrary f € (2 x ), first note that, because
o€y,

(m°0%2(g) f) (wr,w2) = f(g w1, g7 'wa) = (7% (g) f) (w1, wa)
for all g € K(r) and wy,ws € Q, and hence

(2.11) T2 (g) (T35, () = Jo ke, (P03 (9) () = T3k, (702 (9)(F).
Thus PFjs:,lszf = js:,lsz (P.f). Hence for any f € K(2 x Q),
<faf>/ = <P;£,f>, = <£7pr>,7

because P, is Hermitian with respect to (-,-)s,,s,- Note also that the projection

P, leaves K(Q x Q) invariant. For the same reasons, (Fy, ) = (P.Fn, f) =

(Fn, P f)'. Tt follows that (Fi, f)' — (&, ) as N — oo for any f € K(Q x Q).
We next show that if { € H,, then all the coefficients b, , and §, y in ([ZI0)

are zero. If v € Jr, there is clearly a complete subtree 1 g r containing o and v
(because [r| > 2). It follows from (ZII) that, if n > |v,

7-‘-51752 (g) (j;,ISQ (1Dv,n)) = 'j.;,ISQ (7T§1’§2 (g)(le,n)) = js:,lgSQ(]‘Dv,n)
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for all g € K(p), and so B, (j’l (1p,.)) = J! (1p,,). Thus

81,82 51,82
0= (P& 1p,,)
= <f; Pn (j,;,l821D’v,7L)>51152
= <fa js_l,lSlev,n>51752
= (Vo X Vo)(Du,n)bv,n,

so that b, , = 0. Similarly P, (j_l (1DLN)) = J-1 (1D;) v)» and so 0, ny = 0.

$1,82 51,52
Hence Fy, defined in (210), equals
(2.12) F= Y cowla,wxa.w €KQxQ).
v,u;éeax

But as (Fi, f) — (&, f), we see that (F, f) = (£, f)’ for each f € K(2 x ), and
so{=F e K(QxQ).

If X C T is a finite set of vertices, let n(X) denote the smallest complete subtree
of T containing X. As we have already noted, each projection P, leaves (2 x Q)
invariant, and when o € y and f € K(Q x ) we have

1
(P‘Jf)(wth) m(K(U)) K(b)
We apply this formula to f = F, where F' € H; is given by (2.12). Observe that
if v,w € Or are distinct, and if n = y({o,v,w}) is a proper subtree of g, then
cyw = 0. For we can choose (w1,ws) € Q,(v) x Q,(w), and then (g7 w1, g 7 ws) €
Qo(v) X Qo(w) for all g € K(y). Hence F(g~ wi, g 'wa) = ¢y for all g € K (), so
0= (PyF)(w1,w2) = cyuw-

Assuming H; # {0}, choose a nonzero F' € H;. We know that F' has the
form (ZI2), and as ' # 0, we must have distinct v,w € Jr such that ¢, ., # 0.
Hence y = y({o,v, w}) must equal r. If o € [v,w], then o is not an interior point
of y, contradicting o € Int(x) and y = r. Hence o € [v,w], and so y = n({v, w}).

Suppose first that ¢ is the subtree of Figure 1(b). In this case we now know that
H; consists of functions

flg w1, g7 wo) dg.

q
F=73 cijlo,a) ®lo,)-
§,j=0
i#]
The coefficients ¢; ; must satisfy the conditions of (Z2)). For if we fix i € {0,... ,q}
and let y consist of o, a; and the edge joining them, then we see that K(p) acts
transitively on {a; : j # i}. Fix some j # 4, and let (wi,w2) € Qo(a;) x Qo(ay).
For each r # i choose k, € K(y) such that a; = kra,. Then 0 = (P, F)(w1,ws) is
the average of the integrals over the ¢ cosets K'k, of K’ in K(y). Here K' = {k €
G : ko = o,ka; = a; and kaj = a;}. As F(g 'wi,g 'wa) = ¢;, for all g € K'k;,
we see that the first of the conditions (22) holds. Similarly, fixing (w1,ws) €
Qo(a;) x Qo(a;), where i # j, we find that the second of the conditions (Z2)) holds.
Using &, = (¢ + 1)1q, (a,) — 1, and ([Z2), we find that

1 1

q
> ciiloga) @ Loy, = (q+1)2 > Cigas ®&as
i,j=0 i,j=0

i i
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and so we have shown that F' can be written in the form (ZI)), with the new ¢; ;’s,
namely the c¢; ;/(q + 1)%’s satisfying (Z2Z). This completes the proof of part (i) of
the proposition.

Now suppose that ¢ is not the subtree of Figure 1(b), nor in its G-orbit. We know
that r = y({v, w}) for some v, w € Or such that o € [v, w]. Replacing ¢ by gr for some
g € G, we may suppose that ¢ is the subtree of the type described in Figure 1(c;).
Let F € H,. We know that F is of the form (2I2). Now ¢, = 0 for any distinct
v,w € Or unless v = a; and w = y; or vice versa for some 4,j € {1,...,q}. For
otherwise o, v and w are contained in a complete subtree g t, which implies that
cv.w =0, as we saw above. So

q q
(2.13) F=3" cijloye) ®la,w) + Y dijla,w) © Lo,
i,j=1 i,5=1
for suitable constants ¢; ; and d; ;. Fix i and j, let (w1,w2) € Qo(a;) X Qoly;),
and let y be the complete subtree obtained by deleting the yi’s and the edges
{o,yx}. Then (PyF)(wi,ws2) = 0 implies that >.7_, ¢;, = 0. Similarly, if we let
» be the complete subtree obtained by deleting the ax’s and the edges {o,ax},
we obtain > ?_, ¢, ; = 0. The same relations on the d; ;’s are obtained by fixing
(w1,w2) € Do(y;) X Qo(a;) and using the same y’s.
Now using these conditions on the ¢;;’s and d;;’s, together with &,, =
(¢+1)1lg,@,) —1and &, = Nri1lq,(y,) — Nrla,(z), we can write the sum in (2.T3)
in the form (3)), where the (new) ¢; ;’s and d; ;’s satisfy (24]). O

Lemma 2.2. For each ¢ such that || > 1, H} is contained in Ho.
Proof. Fix § € Hy, and define u : G — C by

u(g) = <7T(g)§7 1>81,32 :

Then u(k1gks) = u(g) for all g € G, k1 € K and ky € K(z). Also, if y denotes a
finite complete subtree of T', then

(2.14) / u(gk) dk =0 forallge G, ify Gr.
K(n)

Suppose first that we are not in the special case. Then because u is a bi-K(x)-
invariant function satisfying (2.14)), it must be supported in K'(r) [2, Prop. I1L.3.2].
In Case (i) of Proposition [Z1] above, K(r) = K. As u is left K-invariant, it must

be constant on its support. But y = {o} G r, and so

u(l) = <€7 1>817S2 = <€7P‘31>317S2 = <PU€7 1>817S2 = <Oa 1>817S2 =0,

and so u = 0.

If we are in Case (ii) of Proposition 2], then u is supported on K (¢) = (K,NK.)
U (K, N K.)go, where gopo = z and goz = 0, and where K, = {g € G : gz = x} for
any © € T. As u is left K-invariant, it must be constant on K, = K. But K ¢ K(),
and so u is zero on K, and hence on K, N K. Note that 7(go)¢ € H;. The same
reasoning applied to v(g) = (7(9)(7(g0)§), 1)s,,s, shows that u(go) = v(1) = 0. It
follows that w = 0 again.

In the special case, u is not supported on K (¢), but is determined by o = u(1)
and 8 = u(go), where goo = a and gga = o. To see this, (cf. [2, Proposition I11.2.3])
let £ denote the set of directed edges of T, i.e., the set of ordered pairs (x,y), where
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z,y € T and d(x,y) = 1. Defining g.(z,y) = (gz, gy), we see that G acts transitively
on £. By right K (r)-invariance of u, we can define @ : £ — C by

u((go, ga)) = ulyg).
We know that for §) = {o} and {a},

/ u(gk) dk =0 forallgeG.
K(v)

Thus for each vertex v, the sum of 4((z,y)) over the edges (z,y) for which z = v
is zero, as is the sum over the edges (z,y) for which y = v. Using this and the left
K (r)-invariance of u, we see how u’s values are determined: each directed edge (z,y)
lies on a doubly infinite geodesic of one of the following two types, and the values
of 4 are as indicated:

—a/q a —a/q o/

FIGURE 2(a).

-B/¢* B/ —Bla 8 —Bla B¢

FIGURE 2(b).

Arguing exactly as in Case (ii), we see that u(1) = 0 = u(gp). Hence a = 5 =0,
and so u = 0. O

Because K (¢) is a normal subgroup of K (x), the group K (x) acts on the finite
dimensional subspace H; of Hs, s,. Let 7 denote the representation of K(r) thus
obtained. By definition of H}, 7 is a sum of representations in (k(;))g Let o be

the representation of G obtained by inducing 7 from K (r) to G. Tts representation
space H, is the space of functions f : G — H; such that f(gk) = (k7 (f(g)) for
all g € G and k € K (x) and such that Jo If(@)II? dg < oco.

Lemma 2.3. Assume that |t| > 2. Then o = Ind(7) is equivalent to the sum of
the discrete series subrepresentations of m having minimal tree r.

Proof. Let gok(;), 91K (x),... be the distinct left cosets of K(x) in G. Notice that,
if v,v" € Hy, then

(215) <7T(gi)’l), ’/T(gj)vl>s1,sz = 6i,j <’U, v/>s1,52

For if we set u(g) = (7(g)v,v")s, s,, then u is bi-K (r)-invariant, and satisfies (214
above. Hence u is supported on K (r) by [2, Prop. I11.3.2], and so (2.I5) holds. It
follows that we may define T': H, — Hs, s, by

Tf = (m(K©®)"* S (9. (f(g:)-

)
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It is clear from (ZTI5) that 7" is an isometry. It intertwines o and =, for if g € G, we
can write g7 1g; = gjk for some k € K(r) and index j depending on g and i. Now

(o(9)f)(g:) = Flg7 gi) = f(gik) = (k™) (f(g5)),
so that

m(g:) ((0(9)f)(9:)) = 7(gi) (w (k=) (f(95))) = 7(9) (w(g;) (£ (95)))-

As i varies over 0,1,. .., so does j, and so T'(c(g)f) = 7(g)(Tf).

The image of T is the sum of the discrete series subrepresentations of 7 having
minimal tree r. For if oy is such a subrepresentation, with representation space
Hoo C Hs,,s,, then H,, contains a nonzero vy € H;. Define f € H, by f(k) =
m(k~ N if k € K(¢) and f(k) = 0 otherwise. Then T'(f) = vo. As the image of T
is closed and 7 invariant, it contains H,. O

The last lemma reduces the problem of determining the decomposition (I2) to
(A): for ¢ as in cases (i) and (ii) of Proposition [Z] determining the decomposition
into irreducibles of the representation 7 of K (r) defined before Lemma 2.3} and
(B): determining which of the special representations of G occur in (I2)), and their
multiplicities. These steps are carried out in the next three sections.

3. CASE (i) oF PrROPOSITION [2.0]

In this case, H; is ¢(¢—1)—1 dimensional, and consists of elements Za,becl tab€a
® &, where C; = {z € T : d(0,x) = 1}, and where the numbers ¢, € C, a,b € Cy,
satisfy the conditions

ta,q = 0 for each a € Cy,

(3.1) Z tqp =0 for each b € C;, and Z tap = 0 for each a € C;.
a€eCy beCy

Proposition 3.1. The representation g — (g)»; of K(t) on H; is (a) one di-
mensional if ¢ = 2, and (b) the sum of an irreducible subrepresentation of di-
mension (¢ + 1)(g — 2)/2 and one of dimension q(q — 1)/2 when q > 2. These
subrepresentations are described below.

Proof. In this case K(¢) = K = {g € G : go = o}. Suppose that g € K(x). Then
79X tarba ©6) = D tasbon @6

a,beCqy a,beCqy

= Z tg_la,g_lb ga & gb .
a,beCy

Now ’H; may be decomposed into a sum of two subspaces invariant under 7 (g) for
each g € K(x). In fact, Hy = Vi @ V-, where V (resp. V_) is the subspace of H;
consisting of elements Za,becl tap€a @ & for which t4p = ty,q (resp. tap = —tba)
for all a,b € C;. It is easy to see that dim(Vy) = (¢ + 1)(¢ — 2)/2 and that
dim(V_) = ¢(q — 1)/2 (= dim(Vy) + 1). Notice that V. = {0} if ¢ = 2.

Restriction to V, and V_ gives representations m, and m_ of K(x). It is well
known that they are irreducible. For if we write C1 = {ao,... ,aq}, then for g €
K(¢), we have ga; = af(gy for some f(g) € Sgy1. This defines a surjective homo-
morphism f : K(r) — Sy41 (with kernel K (¢)). Let U = {(z;) € CI*! 0T =
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0}, and let A be the natural representation of Sg41 on U: A(u)(zo,...,zq) =
(r,-10,...,2,-14). This is the irreducible representation of S, corresponding to
the partition (g,1) of ¢+ 1 (see [3, Lemma 2.2.19(iii)]), i.e. to the Young diagram

The representation 7 of K (r) on H, is equivalent to a subrepresentation of (A ®
A)of, an intertwining operator being

q q

Z tijEa; ®&a; Z tije ®e;,

i,j=0 i,j=0
where e, ... , e, is the usual basis of C¢". But the decomposition of A ® A into
irreducible subrepresentations is given on page 97 in [3] (where n = ¢+ 1). Two
of these irreducible components are the representations m,_1,2 and mg—1,1,1 of S¢41
corresponding to the partitions (¢ —1,2) and (¢—1,1,1) of g+ 1, i.e. to the Young
diagrams

g—1 D N—

and

Comparing the dimensions of these two representations (see [3] Theorem 2.3.21]),
we see that these match those of m and 7_, respectively. The above intertwining
operator therefore gives equivalences between 74 and (mg—1,2)of and between m_
and (mg—1,1,1)of. When ¢ = 2, it is easy to verify that the representation g —
()3 of K(¢) on H, is (equivalent to) o f, where € is the sign character of S3. O

4. CASE (ii) OF PROPOSITION

Referring to Figure 1(c,), let A denote the set of neighbors of o other than z,
and let Y denote the neighbors of z other than z,._;. Then Hl’c consists of the
elements

Z Sa,y fa ® fy + Z ta,y gy ® gaa

acA,yey acA,yey
where
Z Sa,y = Z tay =0 foreachyecY, and
(4 1) acA acA
Z Sa,y = Z tqy =0 for each a € A.
yey yey

Proposition 4.1. The representation g — W(g)”_{; of K(x) on H; is the sum of

two inequivalent irreducible subrepresentations, each of dimension (q — 1)2. The
two subrepresentations are described below.
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Proof. Suppose that g € R’(;) Then either (i): go = 0 and gz = z, in which case
g permutes A and Y, and

o) D costa®Et D dayby @)

acAyeyY acAyey

Z Cay€ga @ gy + Z da,y€gy @ Ega

acA,yey acA,yey

= Z Cg-tag-1y&a @&y + Z dg-1a,g-1y &y ® &a ,

a€A,yey a€A,yey

or (ii): go = z and gz = o, in which case g interchanges A and Y, and we find
using (1)) that

) Y casta®Et D dayby @)

a€A,yey a€A,yey

= (j—j)r Z Ca,y€ga ® &gy + (j—;)r Z day€gy © Ega

a€A,yey a€A,yey

S1\" $9\"
= (i) Z dgfly,gfla §a @&y + (i) Z Cg=1y,9-ta &y ®&a-
a€A,yey a€A,yey
Let € : K(x) — {—1,1} be the character defined by setting e(g) = +1 in case (i)
and —1 in case (ii). Now H; may be decomposed into a sum of two subspaces
invariant under 7(g) for each g € K’(;) In fact, Hy = V4 @ V_, where for § = +1,
Vs is the subspace of H; consisting of elements of the form

Z Ca,yga ® gy + 5(2_3)T Z Ca,yfy ® &a.

a€A,yey acA,yey

Restriction to V. and V_ gives representations 7 and 7m_ of K (¥). Clearly w_ is
equivalent to the product of 71 by e.

The group Sy of permutations of {1,2} acts on the product S, x S, of 2 copies
of Sq: for p € Sy and py, p2 € Sy we set

P (p1,p2) = (Hp-11, fp-12).

We can therefore form the semidirect product (S, x S4) x Sz (the wreath prod-
uct Sq wr Sy of Sy by Sz — see [3, p. 132]), whose elements are triples (u1, g2, p),
where p € Sy and p1, 2 € Sy, and where multiplication is defined by

(k15 p2, 2) (115 1, D) = (B ptyy—115 H2fty 195 PP)-

There is a group homomorphism f : K (r) — (S, % S,)xSa, defined as follows. Write
A={ai,...,aq} and Y = {y1,... ,y4}. For g as in case (i), we have ga; = a,(g);
and gy; = Yy (g): for some ¢(g),V(g) € Sy, and we define f(g) to be (¢(g),9(g),1);
for g as in case (ii), ga; = yy/(g); and gy; = ay:(4); for some ¢'(g), V' (g) € Sy, and
we set f(g) = (¥ (g),¢'(9),(12)). It is easy to check that f is a homomorphism,
which is clearly surjective.

Let U = {(z;) € C?: Z?Zl x; = 0}, and let A be the natural representation of .S,
onU: ANp)(x1,...,2q) = (®,-11,...,2,-14). This is the irreducible representation
of S, corresponding to the partition (¢ — 1,1) of ¢ (cf. Section [ above). There is
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a representation \ of (S, x S,) % Sy on U ® U determined by
Mpr, iz, p) (w1 @ uz) = (M) (up-11)) © (Mpiz)(up-12))

(see [3, p. 147]). This is clearly irreducible, because its restriction to the index 2
subgroup { (1, 2, 1) : 1, 2 € Sq} = Sqx.Sq of (SgxS4) »Ss is already irreducible,
being equivalent to the outer tensor product of two copies of A on S; x S;.

Finally, the representations 7 and Xo f of K (r) are equivalent, an intertwining
operator being

q q
S T
> ci (ﬁa,-, ® &y, + (ﬁ) Sy @ §a¢) =Y cigei®e;,
i.j=1 ij=1

where eq,... , e, is the usual basis of C4. |

5. THE SPECIAL CASE

Let ¢ be as in Figure 1(a). We must first describe H;. For n > 1, let
Xn = {(w1,w2) € Qo(a) X Qo(a) : wy # we and d(o,w1 Awz) =n}
(= Dg n, see (ZH)). Let Q) (z) denote 2\ Q,(x), and for n > 0 let
Y, = {(w1,ws) € Q,(a) x Q(a) : w1 # wa and d(o,w; Awsz) = n}.
Also, let
Ay = {(w1,w2) € Qo(a) X Qo(a) : w1 = wa}
and
Al = {(w1,w2) € QL(a) x Q) (a) : w1 = wa}.
Let Z = Qy(a) x Q. (a) and Z' = QL (a) x Q,(a). Then
OxQ=A,uA U X, uYWuZUZ,
n>1 n>0
a disjoint union. We also need to define
Xy = {(wi,w2) € Qo(a) x Qy(a) : w1 = ws, or wy # ws and d(o,w1; Aws) > M}.
for M > 1, and
Yy = {(w1,w2) € Q(a) x Q) (a) : w1 = wa, or wy # we and d(o,w; Aws) > M}.
If F e K(Q2x Q) satisfies P.F' = F, then as in the case || > 2, we can write

M M
F = Zmnlxn +aolx + Zyn].yn +yly;, +212 + 215,
n=1 n=0

for some integer M > 1 and constants z,, z,yn, ¥y, 2, 2’.

Lemma 5.1. For f equal to any of 1x,,, 1y, , 1x: or ly:, the following estimates
hold for the norm ||f|ls,,ss of f in Hs; s,-

O(n% maX{ﬁ, (“;1—\/}20”}) if s1,53 € (1/4,9),

£ llsr 80 = O((%):) if |s1| =1 and 53 € (1/q,q),
Toe (‘_jq‘l) ) if st € (1/q,q) and |s2] = 1,

0( =) if [s1], 52| = 1.
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Proof. Let us write J in place of J,, 4,. Recall that if v € T and n, M > |v] =
d(o,v), then D, and D] ,, are defined as in ([ZH) and ([Z8). Let b € T satisfy
|b| = 1. Then X, is D, p, and Y;, is the union of the sets Dy ,,, where |[b] = 1 and
b # a. Similarly, X, is D;, ,,, and Y}, is the union of the sets D, ,,, where [b| = 1 and
b # a. So it is enough to fix b with |b| = 1, and estimate (fn, fu)s,.0 = (frnsJ )’
and ( T{Uf'r{L>51752 = 'I{L’jf;L>/7 where

fn = ]'Db,n and frll = ]-D’

b,n "
Moreover, since f, = f/_, — f/, it is sufficient to estimate (f’,.Jf")’

To do this, let n > 1, let || = n, and consider the following element of (2 x Q2):
(5.1) Se= Y, @&,

y:ly|=n+1,
y'=x

Clearly X, is supported on Q,(z) x Q,(z). Let us fix w1, ws € Qy(z), and evaluate
both sides of (B.]) at (w1, ws). Let 21 and 22 denote the (n+ 1)th vertices on [0, w)
and [0, ws), respectively. If z; # z9 (which just means that (w1,ws) € Dy ,), then

&y(w1)&y(w2) = =Ny (Npg1 — Ny) if y = 21 or 29, and &, (w1)&y(w2) = (—N,,)? for
the remaining (¢ — 2) y’s satisfying |y| = n+ 1 and 3y’ = z. Hence

Ye(wi,ws) = (¢ — 2)N2 — 2N, (Npi1 — Ny) = Ag®"
for A = —(¢+1)?/q. If z1 = 2z (which just means that (wi,wz) € D}, ), then
Ey(w1)&y(w2) = (Npy1 — Np)? if y = 21 = 29, and & (w1)&,(wa) = (—N,,)? for the
remaining (¢ — 1) y’s satisfying |y| = n + 1 and y’ = 2. Hence
Z;c(wl;WQ) = (q - 1)N72l + (Nn-i-l - Nn)2 = Ban

for B=(q—1)(¢+1)*/g=—(q - 1A.
Hence

Yo = Aq2n1D +Bq2n1D;m.

If we now fix b € T satisfying |b| = 1, and sum this last identity over all x such that
b € [0,z] and |z| = n, we obtain

> N =A¢"fu + Be*" £,
z:b€lo,x],
|z[=n

Now apply .J to both sides. Write j,(s) to denote either 1 if |s| = 1, or j,(s) if
s? € (1/q,q). Using (3), we get

jnJrl(Sl)jnJrl(SQ)(Aanfn + Bq2nfrlz) = ]NnJrl(Sl)jnJrl(SQ)( Z EI)

z:b€fo,x],
|z|=n

= A¢”™J fn + Bq*"J £,

Cancelling A¢?", using B = —(q—1)A, and writing Jn41 inplace of Jp1(51)Jnt1(52),
we get

(5.2) Jfn—(@=1)Jfh =51 (fa— (@ = 1)fn) ifn>1.
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If n > 1, we also have f, + f, = f/_, and hence

n—1s
(5.3) Jfo+Jf=Jf  ifn>1.
It is clear from (B£2) and (B3) that for all n > 1,
- 1 - n
(54) Ify = S T+ Y Buadi+ Cuf,
k=1

for certain numbers 3, ,,C;,. Indeed, if we set 3] ; = C7 = 0, then (2.4) holds for
n = 1. Assume that n > 1, and that (5:4) holds for n — 1 in place of n. If we
subtract (5.2) from (5.3), we obtain

qurll = jf’r{lfl — S+ (@=1)55 0 frs

and so

n—1

. 1/ 1 - In (q—1)7,

Tt = (S i+ Y Badit Coafi) = 25, + sty
k=1

which gives formula (5.4 if we set

1
B =—0h_ 1, f1<k<n-—1,
, q ,

(5.5) Brn = %( 1 —me),

¢ = (Cra+a= 1),

We have used f,,_; = f, + f], again here.

Now
<frlmfvlL>81,82 :< ’:L’jf;L>/
/ 1 Tr! . / ! eI/
:<fnaFJfl+Zﬁn,kfk+Cnfn>
k=1
1 A IAV / / I\
Now
i £2) = (o X v)(D}) = 7=z = ()
e OT TR (g 4+ 1)%g" )
Also,

i35 = 0t x v)(D},)) = 0( )

because J f] is a bounded function. Hence

(56) i Bidares = Ui 112 = O() +0(52),

So we need only estimate C/,. Using the third equation in (5:5), we see by induction
that if n > 2, then

q— 1 * * n
(5.7) Cp, = prEs (J3Q‘3 + o+ Ingad H)-
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To sum the finite series (51), we must now consider the various cases:
When |s1| = |s2| = 1, Then 5 = 1 for each k, and we get C}, =1 —1/¢" L.
When |si| =1 and s3 € (1/q,q), (&1) gives
D,
ra
for certain constants D; and Dy. When s7 € (1/¢,q) and |s2| = 1, (5.1) similarly
gives C!, = D1 /q" + Dys?™ for certain constants D; and Ds.
Finally, when s?,s3 € (1/q,q), we get

D .
Cl = q—nl + D2(5152)2” if (5152)2q #1,

Cl =

n

4 Dys2n = 0(|32|2"),

for certain constants D; and Ds. Also,

Di(n—1 .
C;z = et A ST (q" ) lf (8182)2(] = ].,
for some constant Dj.
With these formulas for C!, Lemma [5.] is proved. O

Lemma 5.2. Suppose that & € H;. Form
Tn = <€7 1X,,,>//(Vo X Vo)(Xn) ifn>1, 2z = <§712>//(V0 X VO)(Z)a

5.8 :
(5.8) yn = (&, 1y,) (Vo X o) (Yy)  ifn>0, 2z'=(£1z)/(vo X vo)(Z").
Then the series
(59) §:Zxklxk+Zyk1yk—|—zlz+z'lzl .
k=1 k=0

converges in Hs, s, to &. Moreover,

Vo = o (2T E), ifn 20,
— 1 4 .
(5.10) Yo = ot (2 + %), #n20,
Tan = —qY2n ifn>1,
Lon+1 = —qY2n+1 if n >0,

and so € is determined by z and 2'. Thus H; is two dimensional.

Proof. If y = {0}, then it is easy to see that P,(1x,) = (1x, + 1y,)/(¢+ 1) and

Py(1y,) = q(1x, +1y,)/(q+1) for n > 1. If £ € H, then Py = 0 therefore implies

that x,, + qyn, = 0 for n = 1,2,..., because (v, X 1,)(Yy) = q(vo X 1,)(X,,). Also,

using Py Ly, = ((g—1)/(a+1)(Lyo +17+12), plus (vyxv,) (Vo) = a(g—1)/(q+1)? =

(¢— 1) (Vo xvo)(Z)) = (g — 1) ((vo X ¥)(Z")), we find that (¢ — 1)yo + 2z + 2’ = 0.
If y = {a}, then we can calculate

Pyly, = {1y, + <slqsz)21YH} ifn > 2,
Pylx, = Z%i 1x, + (%)12 + (%)12,},
(5.11) Py1y, = q%{m + (81(152)21)%2} if n >0,
Pan:qﬁ{(%)lxl+lz+(z—2)212/}, and
Pz = (8 )1 + 10+ (2)12)
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For example, to see the first of these, consider (w1,w2) € 2 x Q, g € K(y), and ask
when (g7 w1, g7 we) € X,,. If (w1,w2) € X, there is a neighbor b of a other than o
such that wi,ws € Q,(b). We find that (¢~ 'wi, g tws) € X, and (0, go,w1) =
§(0,go,wz) = 0 unless go = b. If (w1,ws) € Y,,_2, then (g7 'wi, g tws) € X,, and
§(0,go,w1) = 6(0,g0,ws) = —2 unless go = o. Also, (g7 w1, 9 'ws) € X, for no
other (w1,w2) € 2 x Q and g € K(n).

As & € H, Py¢ = 0 implies that

(5.12) 0= (Py& 1x,) = (& PyJ 1%, ) s,

Because o € vy, P, and J-'. no longer commute, but the first equation in (2IT))

81,82 N - -
is still valid, and therefore P,J, = J . P,, where P, is defined as was P,,

i—1

51,52 51,52

but with (s1,s2) replaced by (31, §2). Using the first of the equations (BIT)), with
(s1,82) replaced by (31,352), together with (v, X 15)(Yn—2) = ¢®>(Vo X 10)(Xy), We

obtain from (EI2)

1

The same equations are obtained using the third equation in (I1). Using any of
the other three equations in (B.ITl), we also obtain

52 51

It is now elementary to obtain the formulas (510Q) for the z,,’s and y,,’s.

Using the estimates of Lemmal[5.Jland the estimates , yx = O(1/|s152|*) which
follow from (5I0), we see that the series converges in Hs, s,. Let £ € Hy, 5, denote
the sum. To see that £&* = &, it is enough to check that (¢*, f)' = (¢, f)’ for each
f=1x,,1x;,n>1, for f =1y, ,1y;, n >0, and for f = 1z and 1. By (5.8),
we need only check the cases f =1x,,n>1, and f =1y, n > 0. Now

1o, (a)xQu(a) = 1x; +-+1x, + 1x7,

and so to check that (£*,1x;)" = (£,1x/)’, we need only show that ({*,1x:)’,
(§,1x/)" — 0. To do this, it is enough to show that Hjs_hl@lX;L
n — oco. But

s1,80 — 0 as

71 2 71 71
”Jsl,sQlX,/L S1,82 <J.91,S21X,’,,7 Jsl,SQ 1X,/L>51752
= (Jos1xs,1x,)
2
= |‘1X:L ,51_1,.92_1
— 0 by Lemma B.1], with (s1, s2) replaced by (s, s5%).
The corresponding facts for Y, in place of X/ are proved in the same way. O

Proposition 5.3. Let Hy, denote the closed linear span of {m(g)§ : & € Hy}. Then
Hsp is the the sum Hy ®H_ of two invariant subspaces. The restrictions of m to H
and H_ are equivalent to the two distinct special representations of G.

Proof. Let go € G satisfy goo = a, goa = o and g2 = 1. Let us find 2,2’ € C
such that the corresponding element £ of H, satisfies 7(go)6™ = £ It is easy to
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calculate that

m(90)lx, = %ly,c_1 for k> 1,
q
m(go)ly, = —1x,,, fork>0,
5152
s
m(go)lz = =14,
52
52
m(go)lz = —1z.
S1

Using these, we see that the condition m(gg)é+ = £+ amounts to the conditions
Yk = ﬂka,l for k>0, and 2’ = ﬂz,

q 52
and using (5.10]), we see that the second of these conditions implies the first. So if
we set z = s9, 2/ = s1, and substitute these values of z, 2z’ into the formulas (510)
for the x;’s and y,’s, we get an element £+ € H; such that w(go){t = £*. In fact,

m(g)ét = €* for all g € K(¢). Notice that
(=1)""'(s1 + s2)

Yo = T s 220

and so in the case so = —s1, T = s1(1z — 1z) is in K(Q x Q).

Similarly, if we seek {~ € H; satisfying 7(go){~ = —£~, we are led to the
conditions

Yi = _kaﬁrl for k>0, and 2 = _A,
q S2
Again, the second of these conditions implies the first. So if we set z = 59, 2/ = —s1,
and substitute these values of z, 2’ into the formulas (510) for the zx’s and yy’s,
we get an element {~ € H; such that m(go)§~ = —¢{~. Notice that
(51— s2)
Yn = (= D 5150)" for n > 0,

and so in the case s1 = s2, £~ =s1(1z — 1) is in K(Q x Q).

If we let u(g) = (m(9)€1, € )s, .50, then w is bi-K (r)-invariant and satisfies (2.14)),
and so determined by u(1) and u(go) (see the proof of Lemma [22)). Now

’U,(go) = <7T(g0)€+7§_>31732 = <§+a€_>81,32 = ’U,(l)7

and also

’U,(go) = <7T(90)€+7§7>81782 = <§+;7T(g()_1)€7>31,32 = _<€+a€7>81,32 = —’U,(l).

It follows that v = 0. Hence the linear span H, of {m(g)¢* : g € G} is orthogonal
to the linear span H_ of {m(¢9){~ : g € G}. Clearly Hsp, = Hy @ H_. We also know
that Hsp, C Ha, by Lemma B2 Moreover, H, can contain no nonzero § € Hj, for
any ¢’ as in Figure 1(b) or Figure 1(c,). For if n € Hsp, then u(g) = (7(9)€,M)s; s,
would be right K (¢')-invariant, left K (r)-invariant, and satisfy (with ¢ there
replaced by t’), and by [2| Proposition I11.3.2] would therefore be supported in the
empty set {g € G : gr' Cr}.

Hence the restrictions of 7 to Hy and H_ are equivalent to special represen-
tations of G. They are inequivalent, for if T : H, — H_ intertwines these two
restrictions, then & = T¢T satisfies 7(go)é = €, and so £ is a multiple of £T. But
‘H4+ and H_ are orthogonal, and so & = 0, and therefore T' = 0. O
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